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Abstract

Spacings of opening-mode fractures (joints and veins) in layered sedimentary rocks often scale with the layer thickness. Field

observations reveal that the ratio of fracture spacing to the thickness of the fractured layer, S/Tf , ranges from less than 0.1 to
greater than 10. There is a critical spacing to layer thickness ratio that de®nes the condition of fracture saturation, and explains
the observed spacing ratios between 0.8 and 1.2. Values of S/Tf > 1.2 are explained as the results of the fracturing process
having not reached the saturation level. To explain ratios of S/Tf < 0.8, we study the possibility for further fracture in®lling, by

considering ¯aw distributions between adjacent fractures loaded by extension of the layer. Results show that in®lling fractures
grow more easily from ¯aws located near the interface than from those in the middle of the fractured layer. The propagation of
a ¯aw located in the middle of the fractured layer is unstable, but for the ¯aw to propagate toward the interfaces, its height has

to be greater than a critical size. This critical size decreases with increasing S/Tf . The propagation behavior of a ¯aw with one
of its tips at the interface depends on S/Tf . The propagation is unstable when S/Tf is greater than a critical value. When S/Tf is
less than this critical value, the propagation is ®rst unstable, then stable, and then unstable again. An in®lling fracture can cut

through the fractured layer only if S/Tf is greater than another critical value, otherwise the in®lling fracture can only partially
cut the fractured layer. For models with the same elastic constants for the fractured layer and the neighboring layers, this
critical value is 0.546, and the minimum spacing to layer thickness ratio of fractures formed by the in ®lling process under
extension is 0.273. 7 2000 Elsevier Science Ltd. All rights reserved.

1. Introduction

Opening-mode fractures (joints and veins) in layered
sedimentary rocks often are orthogonal to, and con-
®ned by layer boundaries (Kulander et al., 1979; Hel-
geson and Aydin, 1991; Gross and Engelder, 1995).
These boundaries may or may not correspond to the
surfaces of a single bed, but the vertical dimensions of
the fractures are equal to the thickness of a mechanical
layer, called the fractured layer (Pollard and Segall,
1987). Many ®eld observations reveal that joint spa-
cing in layered sedimentary rocks is proportional to
the thickness of the fractured layer with the ratio of
spacing to layer thickness ranging from less than 0.1

to greater than 10 (Price, 1966; McQuillan, 1973;

Ladeira and Price, 1981; Narr and Lerche, 1984;

Huang and Angelier, 1989; Narr and Suppe, 1991;

Gross, 1993; Gross et al., 1995; Wu and Pollard, 1995;

Becker and Gross, 1996).

Using a three-layer elastic model with a fractured

central layer, Bai and Pollard (2000) investigated the

stress distribution between two adjacent opening-mode

fractures as a function of the fracture spacing to layer

thickness ratio. The results show that there is a critical

spacing to layer thickness ratio: when the fracture spa-

cing to layer thickness ratio changes from greater than

to less than the critical value (approximately 1.0) the

normal stress acting perpendicular to the fractures

changes from tensile to compressive. This stress state

transition precludes further in®lling of fractures unless

they are driven by mechanisms other than a pure
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extension, or there are ¯aws that signi®cantly perturb
the local stress ®eld between the fractures. Thus, the
critical fracture spacing to layer thickness ratio de®nes
a lower limit for fractures driven by extension in a ma-
terial without signi®cant ¯aws, and this also de®nes
the condition of fracture saturation (Wu and Pollard,
1995).

The critical value of the fracture spacing to layer

thickness ratio is independent of the remote strain of
the fractured layer, but is weakly dependent upon elas-
tic moduli and overburden stress (Bai and Pollard,
2000). With representative variation of the elastic con-
stants of the fractured layer and the neighboring
layers, and overburden stress, the critical fracture spa-
cing to layer thickness ratio varies between 0.8 and
1.2. This covers the most commonly cited values of

Fig. 1. Joints observed in the limestone layers of the Carmel Formation, Chimney Rock, Utah. (a) Two orthogonal joint sets usually control the

outcrop pattern where the limestone layers of the Carmel Formation appear on slopes. The two joint sets are nearly orthogonal and have the

same mean spacing. The mean spacing to layer thickness ratios are 0.83 based on 127 measurements. These ratios are within the range of critical

spacing to layer thickness ratio (0.8±1.2). (b) Closely spaced joints. The ratios of spacing to layer thickness of these fractures are less than the

lower limit of the critical spacing to layer thickness ratio (i.e. <0.8).
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fracture spacing to layer thickness ratios in layered
rocks (Fig. 1a). Fractures with spacing to layer thick-
ness ratios greater than the critical value have not
reached the status of fracture saturation. Fractures
with spacing to layer thickness ratios less than the
critical value are called closely spaced fractures
(Fig. 1b), and their formation is the focus of this
paper.

To explain the formation of closely spaced fractures,
Ladeira and Price (1981) and Price and Cosgrove
(1990) conceptually proposed that joints in thick beds
(greater than 1.5 m) are produced by hydraulic fractur-
ing. Hydraulic fracturing occurs when the ¯uid press-
ure in a ¯aw (small crack) exceeds the least
compressive stress by an amount necessary to raise the
stress intensity at the crack tip to the fracture tough-
ness of the rock. This condition depends on the size of
the ¯aw. As the fracture develops, there will be a ¯uid
pressure gradient from the lower pressure in the frac-
ture to the ambient pressure at a certain distance from
the fracture (Renshaw and Harvey, 1994). Thus, at
this distance a second fracture may develop from a
similarly sized ¯aw. We do not consider this mechan-
ism of hydraulic fracturing further in this paper.
Instead, we analyze closely spaced fractures driven by
a remote extension.

One of the most thoroughly investigated mechan-
isms for failure of rocks in compression is axial split-
ting. Many of the models for axial splitting are based
on the sliding crack model (Brace and Bombolakis,
1963; Brace, 1966; Fairhurst and Cook, 1966; Horii
and Nemat-Nasser, 1985; Ashby and Hallam, 1986;
Kemeny and Cook, 1987; Germanovich et al., 1996).
The sliding crack model consists of an initial, planar
microcrack oblique to the direction of applied com-
pressive stress. As the loading increases, the resolved
shear stress exceeds the frictional resistance along the
crack, and the crack faces slide past one another,
forming tensile stress concentration near the crack tips.
As the loading continues, the tensile stresses increase
until wing cracks emerge from the sliding crack tips.
As the wing cracks propagate they turn into the axial
direction of maximum compressive stress. A macro
fracture parallel to the maximum compressive stress is
formed either by propagation of a wing crack, or link-
age of several cracks.

Other mechanisms for compression induced open-
ing-mode fracturing include the compressive±tensile
stress transition around circular or elliptical openings
or other cavities (Ishido and Nishizawa, 1984; Pollard
and Aydin, 1988; Dyskin, 1993; Wang and Kemeny,
1994); the stress transition around sti�er or less sti� in-
clusions (Pollard and Aydin, 1988; Eidelman and
Reches, 1992; Bessinger and Cook, 1995); and grain
contact induced tensile stress (Jaeger and Cook, 1979;
Gallagher et al., 1974; Pollard and Aydin, 1988).

The formation of closely spaced fractures involves
the process of fracture initiation, propagation, and ter-
mination. All the mechanisms for the formation of clo-
sely spaced fractures reviewed above only explain how
such fractures might be initiated. Once the fracture has
initiated, the outstanding questions are whether it will
continue to propagate and where it will terminate. One
way of answering these questions is to study fracture
surface features. As often seen on outcrops, fracture
surfaces are ornamented by several geometric features
such as origins, hackles and rib marks (Pollard and
Aydin, 1988). These features have been used as kin-
ematic indicators of fracture initiation points, propa-
gation directions and propagation fronts by many
authors since Woodworth (1897), including Hodgson
(1961), Kulander et al. (1979), Engelder (1987), Kulan-
der et al. (1990), DeGra� and Aydin (1987, 1993), Hel-
geson and Aydin (1991), Bankwitz and Bankwitz
(1995), and Weinberger (1999), among others.

In this paper, we address these questions numerically
by investigating the stress intensity factor of a crack-
shaped ¯aw (i.e. ideally thin when no stress is applied)
between two adjacent fractures as a function of the
applied average strain in the direction perpendicular to
the fractures, the spacing of the existing fractures, the
position of the ¯aw, and the length of the ¯aw, using a
three-layer model with a fractured central layer. In the
following sections, we ®rst introduce the numerical
results. Then we discuss the implications of the results
for the study of fracture spacing in layered rock and
we discuss the implications for the kinematics of in®ll-
ing fracture propagation.

The term `fracture' in this paper describes a planar
discontinuity that shows predominantly opening-mode
displacement and cuts through the fractured layer, i.e.
it extends from one of the interfaces of the fractured
layer to the other. The term `¯aw' is used for a discon-
tinuity of the same type that is very short compared to
the thickness of the fractured layer. Once a ¯aw propa-
gates, it becomes a `crack' before reaching the thick-
ness of the fractured layer. The stress intensities for
¯aws and cracks are used to determine whether in®ll-
ing will occur by propagation.

2. Numerical modeling

2.1. Numerical method and boundary conditions

We used a two-dimensional ®nite element code
named FRANC (FRacture ANalysis Code) to do the
numerical modeling (Fig. 2). This code was developed
at Cornell University and is based on the theory of lin-
ear and non-linear elastic fracture mechanics (Wawrzy-
nek and Ingra�ea, 1987). It provides a solution to the
elastic boundary-value problem as well as automatic
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crack propagation, remeshing, calculation of the stress
intensity factors, and prediction of crack growth direc-
tions.

The theoretical basis, accuracy and friendly user
interface of FRANC have been introduced by a num-
ber of authors (e.g. Wawrzynek and Ingra�ea, 1987;
Linsbauer et al., 1989; Ingra�ea, 1990; Bittencourt et
al., 1992; Fischer et al., 1995; Bittencourt et al., 1996;
Bai et al., 2000). For the purposes of stress intensity
factor calculation in this paper, we use three cycles of
re®nement of the mesh in the crack tip area. In each
cycle of re®nement, the radius of the elements sur-
rounding the crack tip is reduced by half (see Fig. 2d).
Also we use the modi®ed crack closure integral tech-
nique (MCC, Rybicki and Kanninen, 1977; Raju,
1987) to calculate the stress intensity factor.

Four fractures are introduced in the fractured cen-
tral layer (Fig. 2a and b). The two fractures in the
middle are used to represent any two adjacent frac-

tures in a row composed of many members. Limiting

the number of fractures to four has been shown to

introduce maximum errors in stress and aperture cal-

culations of less than 2% compared to an in®nite num-

ber of fractures (Bai et al., 2000; Bai and Pollard,

2000). The height of the fractures is Tf=20 cm, which

is also the thickness of the fractured layer. The two

neighboring layers have thicknesses of Tn=30 cm. The

overall thickness of the model (T=Tf+2Tn) is 80 cm.

The width (W ) varies according to the spacing of frac-

tures in the model such that the distance from the left

(or right) boundary to the left-most (or right-most)

fracture is at least three times of the fracture height.

The coordinate system is de®ned with the origin

located at the center of the model, the x-axis parallel

to the interface and pointing towards the right, and

the y-axis vertical and pointing upwards. The crack-

shaped ¯aw is introduced parallel to the fractures. The

Fig. 2. (a) FEM model and its boundary conditions for layered materials with four equally spaced fractures and one ¯aw in the fractured layer.

The variables ux (L) and ux (R) are the displacements imposed along the left and right boundaries, respectively. The middle points of the lower

and upper boundaries are ®xed in the x-direction. The middle points of the left and right boundaries are ®xed in the y-directions. (b) The FEM

mesh of the entire model with four fractures and one ¯aw. (c) Detail of the mesh around one of the fractures. (d) Detail of the mesh around the

¯aw. The position of the ¯aw is de®ned by the coordinates of its center. Note we use three cycles of re®nement for the mesh in the ¯aw tip

areas. In each re®nement cycle, the radius of the elements surrounding the tips is reduced by half.
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position of the ¯aw is de®ned by the coordinates of its
center, x0 and y0.

The middle points of the lower and upper bound-
aries of the model are ®xed in the x-direction, ux (x =
0, y=2T/2)=0, and the middle points of the left and
right boundaries are ®xed in the y-direction, uy (x=2
W/2, y = 0)=0. Constant displacement conditions in
the x-direction along the left boundary and the
right boundaries are used, such that ux�x �
2W=2, jyjRT=2� �2Ux: The average strain in the x-
direction, exx (ave), is calculated as

exx�ave� � 2Ux=W: �1�

In the model, we could use contrast elastic constants
for di�erent layers. As shown by Bai and Pollard
(2000), the elastic constants have only minor e�ects on
the stress distribution between the two middle frac-
tures. To simplify our model, we postulate the elastic
materials of the fractured layer and the neighboring
layers to be homogeneous and isotropic with the
Young's moduli Ef=En=30 GPa, and the Poisson's
ratios nf=nn=0.25. Also, a plane strain condition for
the entire model is postulated.

2.2. Stress distribution between adjacent fractures
without any ¯aw

The distributions of the normal stress in the direc-
tion perpendicular to the fractures (sxx) between the
two middle fractures in the fractured layer (Fig. 2)
without any ¯aw at di�erent spacing to layer thickness
ratios are shown in Fig. 3. The sign convention here is
that tensile stress is positive and compressive stress is
negative. The stress distributions are calculated for
models with an average normal strain exx (ave)=0.002
across the entire model in the x-direction. The plots
show that for fracture spacing to layer thickness ratios
of 0.9 or less, there is a compressive region that
extends across the central area of the model from one
fracture to the other (Fig. 3a and b). In contrast, for
fracture spacing to layer thickness ratios of 1.0 or
greater, the compressive region is con®ned to the
region immediately adjacent to the fractures (Fig. 3c
and d). For the case with the same elastic constants
for the fractured layer and the neighboring layers, the
critical spacing to layer thickness ratio is 0.976 where
no compressive stress is found at the central point (x
=0, y=0) (Bai and Pollard, 2000).

The stress state transition implies that a new fracture

Fig. 3. Contours of the normal stress component in the direction perpendicular to the fractures (sxx) in the fractured layer between the two

middle fractures at di�erent fracture spacing to layer thickness ratios (S/Tf ). (a) S/Tf=0.8. (b) S/Tf=0.9. (c) S/Tf=1.0. (d) S/Tf=1.1. Note that

when S/Tf is 0.9 or less, sxx is compressive (dashed contours) in the central area between the two fractures; whereas when S/Tf is 1.0 or greater,

the stress sxx is tensile.
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cannot ®ll in between two fractures with a spacing to
layer thickness ratio less than the critical value unless
a ¯aw exists in the middle of the fractured layer, that
cuts through the compressive region. Another possible
exception is that a ¯aw near one of the interfaces pro-
pagates toward the other, and cuts through the region
of compressive stress. Therefore, to study further frac-
ture in®lling between two fractures with a spacing to
layer thickness ratio less than the critical value, two
factors need to be considered: one is the location of
the ¯aw; the other is the size of the ¯aw.

2.3. Stress intensity factor and ¯aw location

We put a ¯aw between the two middle fractures (see
Fig. 2a and the inset of Fig. 4) with a height of
0.01Tf . Because the ®nite element code (FRANC) can-
not prevent material interpenetrating along the crack
when the normal stress along the crack is compressive
(negative), a negative stress intensity is obtained in
some cases (refer to Fig. 4). Physically the negative
stress intensity factor is unrealistic and should be
taken as zero stress intensity (Wawrzynek and Ingraf-
fea, 1987). The stress intensity factors at the ¯aw tips
simply scale with the applied average strain and do
not change sign (see the discussion after Eq. (2) about
the negative stress intensity) as the strain is increased.
For our purpose, a positive value of the stress intensity
factor implies propagation, whereas a negative value
implies no propagation. Thus the magnitude of the

applied average strain is arbitrarily chosen as
exx (ave)=0.002. The fracture spacing to layer thick-
ness ratio for the model is 0.8, less than the critical
value de®ned by the stress transition (i.e. 0.976), so we
expect no in®lling unless the ¯aw can propagate across
the entire layer.

The stress intensity factors of the ¯aw are calcu-
lated for two cases. In the ®rst case, the ¯aw
(called the `top' ¯aw) is located with its upper tip
at the upper interface of the fractured layer ( y0/
Tf=0.995). In the second case, the ¯aw (called the
`middle' ¯aw) center is at the middle of the fractured
layer ( y0/Tf=0). The calculated stress intensity factors
are normalized by the stress intensity factor of an in-
ternal ¯aw of length Tf in an in®nite, homogeneous,
isotropic, and elastic medium with a remote loading of
a unit tensile stress in the direction perpendicular to
the ¯aw. That is

K0 � �1 MPa�
�������������
pTf=2

p
: �2�

The normalized stress intensity factor for the middle
¯aw and that for the lower tip of the top ¯aw are
plotted vs. the horizontal position of the ¯aw normal-
ized by the thickness of the fractured layer (x0/Tf ) in
Fig. 4. Note that the stress intensity for the ¯aw at the
middle of the fractured layer is negative. Also, the
stress intensity for the middle ¯aw is less than that for
the lower tip of the top ¯aw. These results imply that
the middle ¯aw of the given size cannot propagate

Fig. 4. Plots of the normalized stress intensity factors for the ¯aws located at the middle and at the top of the fractured layer, respectively, vs.

the horizontal position of the ¯aw normalized by the thickness of the fractured layer. The plots show that the stress intensity for the lower tip of

the top ¯aw is always positive. The stress intensity for the middle ¯aw is always negative.
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toward the interfaces to form a complete fracture.

However, the ¯aw at the top of the fractured layer

could begin to propagate downward toward the lower

interface of the fractured layer to form a complete

fracture. Because of the symmetry of the problem, we

also conclude that a ¯aw at the bottom of the frac-

tured layer could begin to propagate toward the top.

To understand the behavior of a ¯aw in an arbitrary

vertical location, we put a ¯aw of the same size (i.e.

0.01Tf ) exactly between the two middle fractures

(x0/Tf ) and vary its vertical location. The normalized

stress intensity factors for both the upper and lower

tips of ¯aw are plotted vs. the vertical location of the

¯aw normalized by the thickness of the fractured layer

in Fig. 5. The stress intensity factor for the tip at a

greater distance from the central line of the fractured

layer (x-axis) is systematically greater than that for the

other tip. This suggests that a ¯aw between two frac-

tures would tend to propagate from the tip that is

further away from the central line of the fractured

layer. Also, the stress intensity for both tips decreases

as the ¯aw center approaches the central line of the

fractured layer, and becomes negative when the ¯aw

center is very close to the central line. This implies

that ¯aws closer to the interfaces are more likely to

propagate, all else being equal, and ¯aws of this size

near the central line are unlikely to propagate.

2.4. Stress intensity factor and crack height (length)

The propagation of a crack between two fractures is
investigated by studying the stress intensity factor of a
crack located between the two middle fractures as a
function of the crack height. In the ®rst case, we calcu-
late the stress intensity at the tips of the crack located
at the center of the model (the origin of the coordinate
system). In the second case, the stress intensity is cal-
culated for the lower tip of the crack with its upper tip
located at the upper interface of the fractured layer. In
both cases, the applied strain is exx (ave)=0.002.

2.4.1. Propagation of a crack located at the central
point of the model

The normalized stress intensity at the tip of the
crack is positive and increases monotonically with
increasing crack height (Fig. 6) when the spacing to
layer thickness ratio is greater than the critical value
(i.e. 0.976, see the plot for S/Tf=1.0). However, for
models with a spacing to layer thickness ratio less than
the critical value, the stress intensity is negative before
the crack reaches a critical height. This is called the
critical crack size (hc) and is determined by

KI�hc� � 0 �3�
where KI is the stress intensity factor of the crack. The
stress intensity is positive when the crack height is

Fig. 5. Normalized stress intensity factors for a ¯aw located between the two middle fractures in Fig. 2(a) vs. the vertical location of the ¯aw,

where the vertical location is normalized by the thickness of the fractured layer. The ®gure shows that the stress intensity factor at both tips of

the ¯aw decreases as the ¯aw approaches the middle line of the fractured layer, and the stress intensity factor of the tip further away from the

middle of the fractured layer is greater than that of the other tip.
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greater than the critical size, and increases monotoni-
cally with increasing crack height. These results imply
that once a crack located at the central point of the
model starts to propagate, it will propagate all the way
to the interfaces.

One way to characterize the behavior of crack
propagation is to investigate the slope of the stress
intensity factor vs. crack height plot, i.e. dKI/dh
(Nemat-Nasser et al., 1980). The crack propagation is
termed stable, when dKI/dh < 0; and unstable, when
dKI=dhr0: According to this criterion, the propa-
gation of the crack from the central point is unstable
when the crack height is greater than the critical size.

In order for a crack located at the central point of
the model to propagate, its height has to be greater
than the critical crack size (Fig. 6). The critical size
decreases with increasing fracture spacing to layer
thickness ratio (Fig. 7). At the critical spacing to layer
thickness ratio de®ned by the stress state transition,
the critical size reduces to zero.

2.4.2. Propagation of a crack with one tip located at the
interface of the fractured layer

The stress intensity calculated for the lower tip of
the crack with its upper tip located at the upper inter-
face of the fractured layer is shown in Fig. 8. The sign
and behavior of the stress intensity factor with increas-
ing crack height depends on the ratio of fracture spa-

cing to layer thickness. For large fracture spacing to
layer thickness ratios (Fig. 8, the plots with S/Tf=1.6
and greater), the stress intensity factors are positive
and increase with increasing crack height. For inter-
mediate fracture spacing to layer thickness ratios
(Fig. 8, S/Tf=0.6±1.5), the stress intensity factors are
positive and ®rst increase, then decrease, and then
increase again, with increasing crack height.

For small fracture spacing to layer thickness ratios
(Fig. 8, S/Tf=0.2 and 0.4), the variation of the stress
intensity factors with increasing crack height is similar
to the case with intermediate fracture spacing to layer
thickness ratios. However, the stress intensity factor is
not always positive. In fact, it changes from positive to
negative, and back to positive again, with increasing
crack height. This implies that there is a limited height
for the in®lling fracture (hlim), which is de®ned by

KI�hlim� � 0, and
d KI�hlim�

d h
< 0: �4�

The limited in®lling crack height vs. fracture spacing
to layer thickness ratio is plotted in Fig. 9. The critical
fracture spacing to layer thickness ratio for complete
in®lling is 0.546 for the model with the same elastic
constants for the fractured layer and the neighboring
layers. This value was obtained by trial and error and
with the criterion that the normalized stress intensity

Fig. 6. Normalized stress intensity factor for a crack located at the center of the model as a function of its height (length of ¯aw) at di�erent

fracture spacing to layer thickness ratios. The ®gure shows that when the fracture spacing to layer thickness ratio is less than the critical value

(Scr) the crack has to be larger than a critical size (hc) in order for it to propagate. Also, once the crack starts to propagate, it will propagate

through to both of the interfaces.
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Fig. 7. The critical crack size (hc) decreases with increasing fracture spacing to layer thickness ratio. At the critical spacing to layer thickness

ratio (Scr), the critical crack size (hc) approaches zero.

Fig. 8. Stress intensity for the lower tip of a crack with its upper tip at the upper interface of the fractured layer plotted as a function of the

crack height (length of crack). Note that for large fracture spacing to layer thickness ratios (1.6, 1.7 and 2.0), the stress intensity increases with

increasing crack height. For intermediate fracture spacing to layer thickness ratios (0.6±1.5), the stress intensity is always positive, and ®rst

increases, then decreases, and then increases again, with increasing crack height. For small fracture spacing to layer thickness ratios (0.2 and 0.4)

the stress intensity becomes negative when the crack reaches a certain height.
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at the lower tip of the crack is zero (i.e. the absolute
value is less than 10ÿ6) at only one point, and is posi-
tive along the rest of its path. Thus, when the spacing
to layer thickness ratio is greater than this value, the
in®lling crack can cut the fractured layer from one
interface to the other (Fig. 10d). Otherwise, the in®ll-
ing crack can only partially cut the fractured layer
(Fig. 10a±c). In other words, the smallest fracture spa-
cing to layer thickness ratio for the model con®gur-
ation in this study is 0.273.

The values of dKI/dh > 0 when S/Tf is 1.6 or
greater, i.e. the crack propagation is unstable (Fig. 11).
For S/Tf values less than 1.5, the crack propagation
®rst is unstable, then stable, and then unstable again.
Using these results, we de®ne a critical fracture spacing
to layer thickness ratio, �S=Tf�ucr: The ratio �S=Tf�ucr is
de®ned by the criterion that the crack propagation is
unstable (i.e. d KI=d hr0� for any S=Tfr�S=Tf�ucr: As
shown in Fig. 11, the ratio �S=Tf�ucr is between 1.5 and
1.6. Using the techniques of linear interpolation, we
®nd �S=Tf�ucr=1.53.

3. Discussion

We have shown that the concept of fracture satur-
ation may break down given the right size and distri-
bution of ¯aws in the fractured layer. In this section,
we explain ®eld measurement data of joint spacing

from the literature using our numerical results. Then
we discuss the relation between closely spaced fractures
and strain localization. Finally, we discuss the impli-
cations of the numerical results for joint initiation,
propagation and termination.

3.1. Explanations for joint spacing data from the
literature

Bai and Pollard (2000, Table 1) classi®ed joint spa-
cing data from the literature into four ranges based on
the spacing to layer thickness ratios. These are

Range I: S/Tf > 1.2;
Range II: 0:8RS=Tf < 1:2;
Range III: 0:3RS=Tf < 0:8;
Range IV: S/Tf < 0.3.

They explained the spacings in Range I (S/Tf > 1.2)
as the jointing process in the beds having not reached
the saturation level. The spacings in Range II
�0:8RS=Tf < 1:2� correspond to the critical spacing to
layer thickness ratio de®ned by the stress state tran-
sition, i.e. spacing at or near the saturation level.

From our numerical modeling, we see that an in®ll-
ing crack between two fractures with a spacing to
layer thickness ratio greater than the critical value for
complete in®lling can cut through the fractured layer.
However, an in®lling crack between two fractures with
a spacing to layer thickness ratio less than the critical
value for complete in®lling can only partially cut the

Fig. 9. The maximum limit on crack height plotted as a function of fracture spacing to layer thickness ratio.
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fractured layer. The critical spacing to layer thickness
ratio for complete in®lling is 0.546 for the case with
the same elastic constants for the fractured layer and
the neighboring layers. This means that the minimum
spacing to layer thickness ratio for a fracture set at
complete in®lling would be 0.273. As shown by Bai
and Pollard (2000), the critical fracture spacing to
layer thickness ratio de®ned by the stress state tran-
sition increases with increasing ratio of Young's mod-
ulus of the fractured layer to that of the neighboring
layers, and decreases with increasing a factor based on

Poisson's ratios (D, see Bai and Pollard, 2000, eq. 7).
However, the e�ects of the elastic constants on the
critical spacing to layer thickness ratio de®ned by the
stress transition are minor (®gures 4 and 5 in Bai and
Pollard, 2000). We expect the same behavior for the
critical fracture spacing to layer thickness ratio for
complete in®lling. We conclude that the spacings in
Ranges III fall within the range between the critical
ratio for complete in®lling and the critical ratio de®ned
by the stress state transition.

For joints with spacings in Range IV, our modeling

Fig. 10. (a±c) Physical views of partially in®lling cracks when the fracture spacing to layer thickness ratio is less than the critical value �S=Tf �ucr

for complete in®lling. Partially in®lling occurs because the stress intensity factor of the in®lling fractures changes from positive to negative as h

increases from less than to greater than hlim. For a crack to grow, its calculated stress intensity factor has to be equal to or greater than the frac-

ture toughness of the material, which is positive. For a negative stress intensity factor, it can never be equal to or greater than a positive fracture

toughness. Hence, the crack has to stop when h reaches hlim. (d) Complete in®lling occurs when the spacing to layer thickness ratio is greater

than the critical value �S=Tf �ucr: This is because the stress intensity factor of the crack is always positive.
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results indicate that a loading system other than exten-
sion in the direction parallel to the bedding must oper-
ate. Joint patterns, as shown in Fig. 10(a) through (c),
i.e. partially in®lling, are expected. One exceptional
case is that a crack propagating from the upper inter-
face downward could join another crack that propa-
gated upward from the lower interface. In this way, a
complete fracture could be formed. We think that such
an exceptional case may be rare, and that it is more
reasonable to seek other mechanisms for the formation
of joints with spacing to layer thickness ratios in
Range IV, such as natural hydraulic fracturing or axial
splitting.

3.2. Role of average strain on the formation of closely
spaced fractures

The stress intensity factor of any crack in the
layered system simply scales with the applied aver-
age strain. In other words, the stress intensity at
any crack tip in the layered system is linearly re-
lated to the applied average strain. In determining
whether a crack will propagate, we use the criterion
KIr0: This only implies the possibility for crack
propagation. Whether the crack can propagate also
depends on the relative magnitudes of the stress
intensity factor and the fracture toughness of the
material (Lawn, 1993; Anderson, 1995). For a given
material, the greater the strain magnitude, the more
likely the in®lling cracks will cut through the frac-

tured layer. This is valid for the crack in®lling
between two fractures with a spacing to layer thick-
ness ratio greater than the critical ratio for com-
plete in®lling. However, if the fracture spacing to
layer thickness ratio is less than the critical ratio
for complete in®lling, the in®lling crack can only
partially cut the fractured layer no matter how
great the strain magnitude, because increasing the
strain magnitude cannot change the sign of the
stress intensity factor from negative to positive.

Becker and Gross (1996) and Gross et al. (1997)
reported some very closely spaced joints with a spacing
to layer thickness ratio of 0.11 from an outcrop south
of Beer Sheva, Israel. They proposed that the closely
spaced joints were caused by a localized high strain
magnitude. Our numerical results imply that if the
sequential in®lling process occurred in this case, no
further in®lling should have occurred after the spacing
to layer thickness ratio reached about 0.3. In order for
the in®lling joints to cut the fractured layer, mechan-
isms other than pure extension must have played a
role during the in®lling process, such as hydraulic frac-
turing. However, there is no evidence for abnormal
¯uid pressures during the formation of the closely
spaced joints at Beer Sheva based on ®eld observations
(Gross, personal communication). On the other hand,
even if there were high ¯uid pressures, it does not
mean that the existence of the ¯uid would have been
recorded in the rock record. To verify the role of ¯uid
pressure in the formation of closely spaced joints,

Fig. 11. Plots of dKI/dh vs. normalized crack height for models of di�erent fracture spacing to layer thickness ratios. The ®gure shows that for

large fracture spacing to layer thickness ratios (1.6, 1.7 and 2.0), the crack propagation is unstable, i.e. dKI/dh>0 over all values of h. For small

fracture spacing to layer thickness ratios (0.2±1.5), the crack propagation is ®rst unstable, then stable, and then unstable again.
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more work needs to be done: both ®eld observations
and numerical modeling with pressure boundary con-
ditions along the crack surfaces.

3.3. Initiation points of in®lling fractures

For the model with a spacing to layer thickness
ratio less than the critical value de®ned by the stress
state transition, the stress intensity factor at the lower
tip of a `top' ¯aw is positive and greater than the stress
intensity factor for a `middle' ¯aw (Fig. 4). Also, in
terms of the vertical location of the ¯aw, the stress
intensity factor for the tip that lies at a greater dis-
tance from the central line of the fractured layer
(x-axis) is systematically greater than that for the other
tip (Fig. 5). These results imply that an in®lling frac-
ture is more likely to be initiated from a ¯aw located
near the top or bottom of the fractured layer than
from a ¯aw located in the middle of the fractured
layer. In other words, the initiation points of in®lling
fractures are more likely located at or near the inter-
faces.

For fractures that initiate and develop before in®ll-
ing, there is no obvious preference for the location of
their origins based on our modeling results. However,
®eld observations from the Genesee Group of the
Appalachian Plateau, central New York, indicate that
the initiation points of joints in the layered siltstone
and shale turbidite are almost always located at bed-
ding interfaces (Helgeson and Aydin, 1991; Fig. 12). It
is quite likely that the joints from the Appalachian
Plateau include both pre-existing joints and in®lling
joints. In this case, both pre-existing joints and in®lling
joints were initiated from the ¯aws at the interfaces.
To further verify the implications of the modeling

results, more investigations of joint surface markings
need to be made using the techniques outlined by
Woodworth (1897), Hodgson (1961), Kulander et al.
(1979), DeGra� and Aydin (1987), and many others.

3.4. Propagation directions of in®lling fractures

As shown in Figs. 4±6, 8 and 15, the stress intensity
factor of the crack depends on its height, location, and
the spacing to layer thickness ratio of the fractures.
Here we assume that the crack propagation criterion is
satis®ed, i.e. the stress intensity factor of the crack is
equal to or greater than the fracture toughness of the
material, along all its way toward becoming a com-
plete fracture, and discuss what we would expect to
see on the surface of the in®lling fracture.

Ideally, a crack initiated at the middle of the frac-
tured layer will propagate upward and downward sym-
metrically to the interfaces and form a through
fracture for the model con®guration used in this study,
because the stress intensity factors for the upper and
lower tips of a crack located at the middle of the
model are identical (Fig. 6). In this case, the origin of
the in®lling fracture will be at the middle line of the
fractured layer, and hackles and rib marks will be sym-
metric about the middle line of the fractured layer
(Fig. 13a).

If an in®lling crack is developed from an origin
located in the upper or lower half of the fractured
layer, it will ®rst propagate toward the interface closer
to the initiation point, then toward the other. This is
determined by the relative magnitude of the stress
intensity factors for the two tips of a crack located at
the origin of the fracture (Fig. 5). The hackles and rib

Fig. 12. Surface features of a joint in a siltstone layer from the Appalachian Plateau. As reported by Helgeson and Aydin (1991), the initiation

points of joints in the siltstone and shale layers are almost always located at the interfaces. Photo provided by Atilla Aydin.
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marks are not symmetric about the middle line of the
fractured layer in this case (Fig. 13b).

An in®lling crack initiated at one of the interfaces of
the fractured layer will propagate to the other interface
of the fractured layer. Hackles and rib marks on the
in®lling fracture surfaces will be similar to the pattern
shown in Fig. 13(c).

In the hypothetical diagrams in Fig. 13, the propa-
gation of in®lling cracks is considered only in the verti-
cal direction. The results are limited by the two-
dimensional nature of the modeling work in this
paper. Because of this restriction, we cannot consider
in®lling processes by lateral fracture propagation.
However, the results should conceptually be valid sur-
rounding the origin in a segment of the fractured sur-
face of width approximately equal to the thickness of
the fractured layer. In this region, the crack does not
propagate predominantly in the horizontal direction,

but rather radiates away from the origin as shown by
the hackles in Fig. 12.

3.5. Terminated cracks within the fractured layer

Terminated cracks between adjacent fractures include
that in®lling cracks stopped before they cut through
the fractured layer, and ¯aws or cracks that did not
grow under the remote extension. The occurrence of
terminated cracks depends on the location of the
crack, the ratio of fracture spacing to layer thickness,
the applied strain and the fracture toughness of the
material. The numerical results imply that three types
of terminated cracks may be found between adjacent
fractures. The ®rst type consists of cracks in the
middle of the fractured layer and between fractures
with a spacing to layer thickness ratio less than the
critical ratio de®ned by the stress transition. The
heights of these cracks are less than the critical crack
size (Fig. 7). Because the stress intensity factors of
these cracks are negative (Fig. 6) regardless of the
applied average strain and the fracture toughness of
the material, these cracks cannot have any further
growth.

Terminated cracks of the second type develop from
¯aws close to the upper or lower interface of the frac-
tured layer when the ratio of spacing to layer thickness
of the fractures is less than the critical value for com-
plete in®lling (Fig. 10). In this case, the stress intensity

Fig. 14. Through cutting joints and terminated cracks in a limestone

layer from the Carmel Formation, Chimney Rock, Utah. Some of

the features are line traced.

Fig. 13. Cartoon diagram showing the hypothetical surface patterns

of in®lling fractures initiated from origins: (a) at the middle of the

fractured layer; (b) at the upper half of the fractured layer; and (c)

at the upper interface of the fractured layer. All the fractures show-

ing here propagate vertically. See text for the details.
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factor of a growing in®lling crack changes from posi-
tive to negative before the crack reaches the height of
the fractures (Fig. 8). The heights of the cracks depend
on the average strain and the fracture toughness of the
material. The maximum height of these fractures is a
function of the spacing to layer thickness ratio of the
fractures (Figs. 9 and 10).

These two types of terminated cracks are commonly
found in a limestone layer in the Carmel Formation of
Chimney Rock, Utah. The layer is quite homogeneous
in terms of lacking fossils and bed structures, and is
cryptocrystalline (Taylor, 1981). In Fig. 14, the two
joints (a and b) indicated by the arrows cut through
the fractured layer. Their spacing to layer thickness
ratio is about 0.35, which is less than the critical value
for complete in®lling. Between the two joints several
terminated cracks are found. Cracks 1, 2 and 3 are
located with their upper tips at the upper interface of
the fractured layer. Crack 4 is located with its lower
tip at the lower interface of the layer. Based on the
modeling results, we conclude that these cracks are ter-
minated in®lling cracks because the spacing to layer
thickness ratio of joints a and b is less than the critical
value for complete in®lling. It is also noted that there
is another crack between joints a and b labeled as
crack 5. This crack is approximately centered at the
middle of the fractured layer. Given the spacing to
layer thickness ratio of joints a and b, we know from
Fig. 7 that the normalized critical ¯aw size is about

0.8. The normalized height of crack 5 is about 0.25,
which is less than the critical ¯aw size, i.e. KI < 0.
This accounts for why crack 5 did not grow to the
interfaces to form a through fracture.

The third type of terminated cracks include those
developed from ¯aws close to the interfaces and the
¯aws themselves between fractures with spacing to
layer thickness ratios greater than the critical ratio for
complete in®lling and less than the critical ratio for
unstable growth. Their existence depends upon the
relative magnitudes of the fracture toughness of the
material and the stress intensity factor, i.e. the resist-
ance and the driving force.

To understand terminated cracks of this type more
clearly, we show an example in Fig. 15. For the model
con®guration given in the ®gure, if the fracture tough-
ness of the material is greater than the stress intensity
factor at point E, the crack cannot grow, no matter
what its height. Therefore, the existing crack is a ter-
minated crack. If the fracture toughness of the ma-
terial is less than the stress intensity factor at point E
and greater than that at point C, the crack is a termi-
nated crack if its height is less than a critical size. This
critical height is between hCC and Tf , and is deter-
mined by the speci®c value of the fracture toughness
of the material. For example, if the fracture toughness
is equal to the stress intensity factor at point D, the
crack cannot grow if its height is less than hDD.

The situation becomes more complicated when the
fracture toughness is greater than the stress intensity
factor at point A, but less than the stress intensity fac-
tor at point C. For example, if the fracture toughness
is equal to the stress intensity factor at point B, the
crack cannot grow if its height is less than hB�C or
greater than hB 'C and less than hB�C. If the height of
the crack is between hBC and hB 'C, it will grow to
reach the height of hB 'C, then stop and become a ter-
minated crack. If the fracture toughness of the ma-
terial is less than the stress intensity factor at point A,
the crack will propagate to the lower interface once it
starts to propagate.

4. Conclusions

For a layered system with fracture spacing to layer
thickness ratio less than the critical value, the initiation
points of in®lling fractures are more likely to be found
near the interfaces than in the middle of the fractured
layer. In order for a crack in the middle of the frac-
tured layer to propagate, its height has to be greater
than a critical size, which decreases with increasing
ratio of fracture spacing to layer thickness. At the
critical spacing to layer thickness ratio, the critical size
reduces to zero.

An in®lling fracture, developed from a crack with

Fig. 15. The normalized stress intensity factor of the lower tip of a

crack with its upper tip at the upper interface of the fractured layer

as a function of crack height. Refer to the text for the details of the

propagation behavior of the crack.
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one of its tips located at the interface, can cut through
the fractured layer (complete in®lling) only if the frac-
ture spacing to layer thickness ratio is greater than the
critical value for complete in®lling. Otherwise, the
in®lling fracture can only partially cut the fractured
layer (partial in®lling). The minimum spacing to layer
thickness ratio is half of the critical spacing to layer
thickness ratio for complete in®lling. For models with
the same elastic constants for the fractured layer and
the neighboring layers, this critical value for complete
in®lling is 0.546, and the minimum fracture spacing to
layer thickness ratio is 0.273. Mechanisms other than
pure extension (i.e. internal ¯uid pressure) apparently
are required in order to explain the formation of frac-
tures with spacing to layer thickness ratios less than
half the critical ratio for complete in®lling.

The propagation of a crack in the middle of the
fractured layer is unstable. The propagation behavior
of a crack with one of its tips at the interface is more
complicated: it is unstable when the fracture spacing to
layer thickness ratio is greater than a critical value
�S=Tf�ucr; and ®rst unstable, then stable, and then un-
stable again when the spacing ratio is less than
�S=Tf�ucr: For models with the same elastic constants
for the fractured layer and the neighboring layers, the
ratio �S=Tf�ucr is 1.53. This implies that fracture propa-
gation in in®lling processes that produce joints of spa-
cing to layer thickness ratios in Range III is ®rst
unstable, then stable, and then unstable again.
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